ABSTRACT Motivation: Giving a meaningful representation of a pedigree is not obvious when it includes consanguinity loops, individuals with multiple mates or several related families. Results: We show that finding a perfectly meaningful representation of a pedigree is equivalent to the interval graph sandwich problem and we propose an algorithm for drawing pedigrees. Contact: Emmanuel.Barillot@infobiogen.fr
INTRODUCTION
The improvements of molecular biology have made large and complex pedigrees a usual resource for epidemiologists. Pedigrees under study can now reach several hundreds of individuals for humans, and several thousands for plants or animals. They generally include consanguinity loops, individuals with multiple mates or several related families. This poses the problem of representing graphically this information in a meaningful form, so that its internal organization be obvious to understand. Traditionally, there is a vertical sorting of the individuals by generation. Secondly, the individuals are ordered horizontally. If the vertical sorting seems trivial, the positioning of individuals in the generation may be difficult. Misplacing individuals will create line-crossing and the pedigree representation may become cryptic as the number of line-crossing grows. To our knowledge, none of the existing pedigree drawing softwares addresses these points satisfactorily in all possible cases. They are often commercial products that integrate several functionalities (for instance: Cyrillic, Cherwell Scientific, 2000; Progeny, Progeny Corp, 2000; GAP, Epicenter Software, 2000) ; their drawing algorithms are most of the time not public, but it can be inferred from their results that they are very different from our approach.
The main points addressed in this paper are the definition of a perfect representation of a pedigree, the demonstration of equivalence between the pedigree drawing problem and the interval graph sandwich problem * To whom correspondence should be addressed. and the proposition of an algorithm to find a perfect representation of a pedigree.
In the first section, we formulate precisely the problem by defining a perfect representation of a pedigree. Then interval graphs are introduced in the second section and the equivalence between perfect representations and the interval graph sandwich problem is shown. Finally, an algorithm for deriving a perfect representation from a pedigree is presented in the last section.
POSITION OF THE PROBLEM
Definitions about pedigrees A pedigree P is a set of individuals that are related by four types of relations: mate, parent, child and sib. We suppose in the following that the pedigree is fully connected: each pair of individuals in P can be joined by a chain of related individuals.
We define a family as the descendants of a mating with no ascendant in P. Thus a pedigree may consist of one or several families and if it has several families, they intersect somehow.
We define an orphan mate as a mate with no other family than his/her mate relatives, that is with no parent, no sib and no other mate.
Each individual is given a generation rank, with the common meaning of generation. But an ambiguity may arise when there is a loop in a pedigree, such as a consanguinity loop (an uncle mated with his niece for example). To cope with this problem and clear up the ambiguity, one can consider that the generation rank attribution starts with an arbitrary individual in P and is then propagated according to a sib-first, parent-second, child-third and mate-last strategy. Of course, the generation rank is incremented for children, decremented for parents and left unchanged for sibs and mates and one never passes twice through the same individual. This ensures that all sibs will have the same generation rank (which gives the definition of the generation rank of a sibship) and at least one parent has a generation rank immediately lower than the child rank. The generation rank(s) of a mating is defined as the generation rank of the mates in case of equality, and as the range they define if they differ. 
Rules of representation of a pedigree
The common practice and some standardization efforts (Bennet et al., 1995) have defined some rules of representation of a pedigree that should make clear its internal structure. The base unit is the individual who is depicted as a circle for a woman, and as a square for a man. The first degree familial relationships, and only them, are represented through links between individuals:
(1) mates are linked and create a mating unit; It is easy to produce a pedigree drawing that respects these seven rules but its readability may be seriously spoiled by many link crossings, or by the fact that individuals in a mating or in a sib, although connected, may not appear as adjacent. Such a case is illustrated Figure 2 .
Rules of readability of a pedigree
We therefore define some rules of readability to whose a pedigree drawing should conform to be perfectly meaningful:
(a) No overlap is allowed between individuals. This is easily realized if individuals are from different generations because there is no other constraints on the vertical dimension. This is less obvious if individuals are from the same generation, because they are also bound by the other constraints that follow.
(b) Mates must be adjacent.
(c) Sibs must be adjacent, but orphan spouses may be inserted within a sibship. We define as 'extended sibship' a sibship with all the orphan spouses of the sibship members.
(d) Parents are above their child sibship (the span of parent mating representation and the one of child sibship must have a common vertical).
(e) There are no link crossing.
A pedigree for which a drawing verifying these five rules exists is said to be a perfectly drawable pedigree (PDP). Our problem is to find:
• a method for establishing whether a pedigree is PDP; and
• an algorithm to compute the perfect drawing of a PDP.
Problematic cases
Simple pedigrees as the one in Figure 1 are obviously PDP and their drawing is easily computable without any sophisticated algorithm. But it may not be trivial to position individuals on the drawing as shown on Figure 2 when the pedigree includes:
• consanguinity loops;
• inter-generation matings;
• individual(s) with multiple mates;
• several individuals in a family mated to non-orphan individuals;
• several related families.
In fact, it can be easily shown that a pedigree cannot be PDP when it includes:
• individual(s) with more than two mates; or • cycle(s) of related families (for instance, an individual in family A is mated to an individual in family B, another in B to a person in family C, and another in C to a person in A); or
• more than two individuals from the same generation and family with non-orphan mates.
In the next section, we propose a method to test whether a pedigree is PDP or not.
INTERVAL GRAPH AND PEDIGREE DRAWING What is an interval graph?
A graph G is defined as the couple (V, E), where V = {v 1 , . . . , v n } is a set of elements called vertices or nodes and E = {e 1 , . . . , e n } is a set of edges that connect pairs of elements from V (e i = {p i 1 , p i 2 }). Two elements v and v from V that are connected by an edge are said adjacent, which is noted v ↔ v , while v v denotes no connection.
A graph is an interval graph if, and only if, there exists for every vertex an interval on the real line such that two vertices are adjacent if and only if their corresponding intervals intersect. It can be shown that a graph is an interval graph if, and only if, it contains no chordless cycles bigger than three (it is said to be chordal) and no asteroidal triplets (an asteroidal triplet is a triplet of nonadjacent vertices for which there exists between each two of them a path that has no vertex adjacent to the third). Examples of a 4-cycle and an asteroidal triplet are given in Figure 3 . Also Rose et al. (1976) showed that testing if a graph is an interval graph can be done in a linear time.
Why to use interval graphs in pedigree drawing optimization?
Intuitively it seems that the rules of readability exposed above could be expressed in terms of intervals and interval overlaps. For instance if an interval is associated to each individual, rule (a) means that no two intervals from the same generation can be connected; rule (b) means that the union of the two intervals of the individuals in a mating must be an interval; also the union of the intervals of the individuals in a sibship must be an interval to abide by rule (c); and rule (d) amounts to an overlap between the interval of the sibship and the ones of the parental mating.
These remarks suggest to define the following vertices :
• a vertex per individual;
• a vertex per mating; • a vertex per extended sibship. and the following sets of vertices:
• V i , the set of vertices corresponding to individuals;
• V m , the set of vertices corresponding to matings;
• V s , the set of vertices corresponding to sibships; and
and advocate the use of interval graphs defined on this set of vertices V. Figure 4 shows the natural graph derived from the pedigree of Figure 2 M stands for mating and S for sibship. Note that the span of an individual extends up to his/her neighbour. mentioned above. As one can see, it also includes cycles and its drawing presents line-crossings.
Equivalence between PDP and the interval graph sandwich problem
We now remark that the perfect drawing of a pedigree can be seen as an interval graph on the set of vertices V defined above. If we associate to each individual, mating and sibship the interval it spans in the horizontal dimension as in Figure 5 , one can build an interval graph by connecting the intervals that intersect. The drawing corresponds simply to an interval realization consistent with the interval graph. So the rest of the section is devoted to characterizing the interval graphs on V whose realizations correspond in the sense we have defined to a perfect drawing of the pedigree.
Denote:
• I(V, E) such an interval graph;
• p(v) the set of individual(s) that compose(s) the mating, sibship or individual associated to the vertex v, ∀v ∈ V,
By definition, I(V, E) has a realization that corresponds to a perfect drawing if, and only if, the rules of readability exposed in the first section are respected:
Conditions arising from rule (a).
To respect rule (a), individuals from the same generation must not intersect:
If we denote E − a = {{v 1 , v 2 }|v 1 , v 2 ∈ V i and g(v 1 ) = g(v 2 )}, we can formulate a first condition:
Conditions arising from rule (b).
To respect rule (b), I should have edges connecting individuals to their mating(s), and no other individuals from the same generation should be in between. It can be shown easily that one can require that the vertices corresponding to other individuals from the same generation should not be adjacent to the vertex corresponding to the mating; although this is a more restrictive requirement, it will not affect the existence of realizations.
we can formulate a second condition:
Conditions arising from rule (c).
Rule (c) can be treated similarly to rule (a) with sibships playing the role of matings:
we can formulate a third condition:
Conditions arising from rule (d).
Rule (d) implies that the vertex corresponding to a sibship should be adjacent to the parental mating vertex:
Conditions arising from rule (e).
Rule (e) requires no link crossing which is more problematic. In a pedigree drawing, there are three types of lines:
• horizontal lines for matings and sibships;
• vertical lines for linking a mating to its child sibship;
• oblique lines for inter-generation matings.
To ensure that no two horizontal lines will intersect, one has to require that matings and sibships from the same generation should not intersect, except if they have an individual in common. In such a case, they have to intersect only for this individual, but this is already taken into account by our treatment of rules (b) and (c).
Vertical lines cannot cross horizontal lines nor other vertical lines because they link a mating to its child sibship one generation underneath.
Oblique lines can cross any type of lines, so edges that connect the vertex corresponding to the inter-generation mating to any vertex from a generation strictly comprised in between the generations of the mates should be forbidden.
This leads to the fifth condition:
we can formulate the fifth condition as:
Summary of conditions. At this point we can summarize our conditions to produce two sets of edges
If we denote E all = V × V the set of all possible edges on V, the graph I(V, E) must verify:
So far we have proven that a graph associated to the perfect drawing of a pedigree is an interval graph that respects equation (1).
Equivalence. Reciprocally if one finds an interval graph that respects equation (1), any of its interval realizations provides a means of obtaining a perfect drawing of the pedigree: indeed, the abscissae of an individual span on the drawing are given by those of its corresponding interval in the realization, while its ordinate depends only on its generation.
Therefore the PDP problem is equivalent to the problem of finding an interval graph whose set of edges is comprised between two nested sets. This is known as the interval graph sandwich (IGS) problem and has already been investigated elsewhere; in our case, a polynomial solution exists for which we refer the reader to (Belfer and Golumbic, 1990; Golumbic and Shamir, 1992; Belfer and Golumbic, 1993) .
ALGORITHM FOR OPTIMIZING THE PEDIGREE DRAWING
We now use the equivalence between interval graphs and PDP to propose an algorithm for optimizing the pedigree drawing. Our algorithm proceeds in three steps as follows: (1) derive V, E + and E − from the pedigree to draw;
(2) solve the graph sandwich problem to find an interval graph I(V, E) with
if such an interval graph exists, deduce a perfect drawing of the pedigree.
Step 1 is detailed in the subsection 'Equivalence between PDP and IGS' where references on how to carry out step 2 are also given. The Figure 6 shows the graph from Figure 4 as it would look like after nodes are ordered by the IGS algorithm from step 2. To achieve step 3, one generates a set of intervals consistent with the interval graph (Booth and Lueker, 1976; Rose et al., 1976; Lueker, 1975) , for example by ordering the maximal cliques (a clique is a set of completely connected vertices) of the graph. Then the position of each interval associated to an individual gives the position of this individual, which allows an easy drawing of the pedigree.
CONCLUSION AND PROSPECTS
The problem of optimizing the drawing of a pedigree is not trivial. The existence of a perfect solution (with no link crossing) can be tested in a linear time. When a perfect solution exists, it can be found with the algorithm introduced in this paper which is based on the interval graph sandwich theory. We are now implementing such a method in the CoPE software for pedigree drawing (BrunSamarcq et al., 1999) and we are also studying the case of pedigrees that are not PDP.
If the IGS problem with V, E + and E all − E − has no solution, the pedigree is not PDP and one can look for a solution that will minimize the number of link crossings. Several strategies exist. One can view the pedigree as a directed graph from top to bottom, and thus use one of the heuristics of line-crossing elimination (Di Batista et al., 1998) . In a work in progress, we are exploring two heuristics. The first one relies on the line-crossing elimination in directed graph, and genetic algorithms are used to find the correct node ordering in each layer. The second heuristic relies on the interval graph sandwich problem and is based on the augmentation and/or diminution of graph (which has already been implemented for another problem in biology; Whittaker et al., 1993) .
